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Abstract 



In this paper we define the magnitude of metric spaces using measures 
^- rather than finite subsets as had been done previously and show that this 

agrees with earlier results. An explicit formula for the magnitude of an 
-. M-sphere with its intrinsic metric is given. For an arbitrary homogeneous 

Riemannian manifold the leading terms of the asymptotic expansion of the 
,— ^ magnitude are calculated and expressed in terms of the volume and total 

rn scalar curvature of the manifold. In the particular case of a homogeneous 

Q surface the form of the asymptotics can be given exactly up to vanishing 

terms and this involves just the area and Euler characteristic in the way 
r^ conjectured for subsets of Euclidean space in previous work. 
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Introduction 

The magnitude of finite metric spaces is a partially defined numerical invari- 
ant which was introduced by Leinster via a category theoretic analogue of 
the Euler characteristic of spaces, group and posets. If a finite metric space 
is scaled up sufficiently then the magnitude tends upwards to the number of 
points in the metric space and, t5rpically, as the metric space is scaled down 
the magnitude tends to one; this allows one to think of the magnitude as the 



'effective number of points' in the metric space. Interestingly, magnitude has 
applications in measuring biodiversity (see flO'l and [4J). 

In previous papers [6J and [11 1 we speculatively studied the magnitude of 
infinite metric spaces using finite subsets as approximations. Whilst we do not 
know that the magnitude can alw^ays be defined in that way it seems to give 
meaningful answers for many subsets of Euclidean space, both numerically 
and theoretically. For instance, in |l6| it is shown using that approach that 
a closed, bounded subinterval of the real line can be assigned a magnitude 
equal to one plus half its length; similarly magnitudes can be assigned to 
circles and to Cantor sets. (These results are corroborated here in Section 1 
using the measure theoretic approach of this paper). In [11] the magnitudes 
of various simple subsets of R^ and IR'^ w^ere calculated numerically and for 
various spaces considered it w^as observed that if the metric space was scaled 
up then the magnitude seemed to asymptotically depend on classical intrinsic 
volumes of the space such as volume and Euler characteristic. For convex 
sets it appeared that this dependence held even non-asymptotically, so for a 
square it seems, numerically at least, that the magnitude is given by j^area + 
J perimeter + 1. 

In this paper we look at the magnitude of homogeneous Riemannian man- 
ifolds, using a measure theoretic approach rather than the finite subset ap- 
proach mentioned above. The magnitude is calculated explicitly for the n- 
sphere of radius R with its intrinsic metric, leading to the following answ^er. 
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For a general homogeneous Riemannian manifold X we calculate the leading 
three terms in the magnitude as the manifold is scaled up: the first term is 
proportional to the volume, the second term vanishes and the third term is 
proportional to the total scalar curvature (tsc). Writing tX for X scaled up by 
a factor of f > and writing a;,, for the volume of the unit n-ball, w^e have 

I^X| = sik ^°1(^)^" + ■ *""' + Wnvk tsc(X)i"-2 + 0(f"-3) as t ^ ~. 

This suffices to determine the asymptotics of the magnitude of a homoge- 
neous surface, this asymptotic expression involving just the area and Euler 
characteristic of the surface E: 

|tE| = 27?area(2:)f^+x(S)+0(i"2) as f ^ oo. 

This expression in the area and Euler characteristic is precisely the penguin 
valuation of 1.11.1 . 

There are a few things to note. The first thing to note is that although 
we use the measure theoretic approach rather than the finite approximation 
approach, w^e show that all the results of [6| obtained using the finite approx- 
imations are all also obtained using the measure theoretic approach. 



The second thing to note is that in the cases that are known, namely the 
n-spheres and surfaces, the constant term is precisely the Euler characteristic. 
This is particularly interesting as the magnitude arose from a category theo- 
retic generalization of the notion of Euler characteristic of various mathemati- 
cal objects. Indeed we might have named magnitude as "the Euler chacteristic 
of metric spaces" if that weren't such a potentially confusing term. 

The final thing to note is that the intrinsic volumes, which are the terms 
so far identified in the asymptotic expansion all appear in the asymptotic 
expansion of the heat kernel 1 1 1 and, as the definition of is slightly reminiscent 
of the heat kernel, this looks intriguing. 

Before giving a more detailed s3n-iopsis of the contents of the paper, it is 
worth making some comments about the metric that w^e are considering on 
a Riemannian manifold. There is potential for confusion here in that we are 
considering metric spaces and Riemannian metrics, so the w^ord 'metric' is 
being used with tw^o different senses. To reduce the likelihood of confusion, 
in this paragraph and the next paragraph w^e will talk about 'distance metric' 
for the metric on a metric space and 'Riemannian metric' for an inner product 
on each tangent space of a smooth manifold: a distance metric is a global 
object, a Riemannian metric is an infinitessimal object. In order to define 
the magnitude of a Riemannian manifold w^e need a distance metric on the 
manifold, we will be considering the intrinsic distance metric which arises in 
the following w^ay A Riemannian metric gives rise to an arc-length function 
and this gives rise to a distance metric by defining the distance between tw^o 
points to be the infimum of the lengths of the paths betw^een the tw^o points. 

If there is a Riemannian embedding of a Riemannian manifold in Eu- 
clidean space then there are two obvious distance metrics, the intrinsic metric 
and the subspace metric: in this paper w^e are primarily considering the intrin- 
sic metric whereas in [6| and |11 1 we considered mainly the subspace metric. 
So, for instance, on the Earth, the intrinsic distance metric is realized by travel- 
ling over the surface of the Earth, but the subspace distance metric is realized 
by tunnelling through the Earth. We compare the asymptotics for the magni- 
tude of the n-sphere with the subspace metric and to that with the intrinsic 
metric; they are seen to have the same leading term but different low^er order 
terms. 

There now follows a more detailed synopsis of what is in this paper. 

Synopsis 

In Section 1 w^e define the magnitude of a metric space using a measure on the 
space. The key observation here is that if X is a homogeneous metric space 
and p is a non-zero homogeneous measure on X, then the magnitude of X is 
given by the following formula: for any y G X, 

1X1 _ /xexdF 



/.ex^"'^''^'dF' 



provided that the denominator is finite and non-zero. It is also shown in this 
section that the measure theoretic definition gives the same magnitude as the 
finite subset approach did for the circle, line segment and Cantor set in ||6l. 



In Section 2 we give a brief exposition on the notion of intrinsic volumes 
of Riemannian manifolds. Intrinsic volumes are defined for a wide class of 
subsets of Euclidean space and include such invariants as the volume, the 
surface area of the boundary and the Euler characteristic. In [61 and IITTI we 
mainly considered these for polyconvex sets — that is unions of convex sets 
— following Klain and Rota's treatment |3|, but here we consider a differ- 
ential treatment, utilizing |8J and 121. One key point for us is that for M" a 
closed submanifold of IR these intrinsic volumes are intrinsic in the sense of 
differential geometry — that is to say they are independent of the embedding 
and depend only on the Riemannian metric of M" . So for such a Riemannian 
manifold there are n + 1 intrinsic volumes {?'i}j'Lg, but it turns out that about 
half of these vanish because M" is closed, ^,(M") = if n — f is odd: the fact 
that }i„-i {M" ) = can be explained by the fact that /(„- 1 measures the surface 
of the boundary, which is of course trivial when M" is closed. The non-zero 
intrinsic volumes are also known in this case as Killing-Lipschitz curvatures 
and in a few cases are well-known invariants: }i„{M") is the volume of M"; 
the next non-trivial intrinsic volume /i„_2(M") is the total scalar curvature 
(tsc) of M"; and }io{M") is the Euler characteristic of M". In general these 
can be obtained by integrating over M" a certain form defined in terms of the 
curvature. 

In Section 3 w^e get to one of the main results w^hich is an explicit formula 
for I S^ I the magnitude of the n-sphere of radius R equipped with its intrinsic 
metric. (Here it is slightly misleading to talk of the radius of the n-sphere as it 
is being thought of as an abstract manifold with the arclength distance metric 
and not as a subset of ]R"+^ with the subspace distance metric; however it is 
perhaps slightly less comfortable to talk of the sphere of curvature R ■) The 
formula has many of the properties you might expect, such as jSJ^j -^ 1 as 
R ^ 0. Asymptotically as K ^> oo, writing co,, for the volume of the unit 
M-ball, w^e get 

\Sl\ = sk vol(S?)R" + . R"-i + 5^ tsc(S^)R"-2 + ■ R"-' 
+ ...+X{S",)+Oie-^). 

This is certainly consistent with the asymptotics being described by the in- 
trinsic volumes: for instance the alternate terms vanish and w^e pick up the 
volume, the total scalar curvature and the Euler characteristic. 

In Section 4 we see the other main result that for all homogeneous Rie- 
mannian manifolds the first three terms in the asymptotic expansion are like 
those in the above expansion, further w^ork will be needed to get more terms 
in the expansion. However, this is sufficient to show that for a homogeneous 
Riemannian surface asymptotically the magnitude has the form conjectured 
for the asymptotic magnitude of metric subsets of Euclidean space in [6J and 
El. 

In Section 5 the magnitude of the n-sphere with its subspace metric is 
considered. A closed form is given for n = 2, but not for general n; how^ever, 
for general n it is shown that the leading term in the asymptotic expansion is 
the same as for the intrinsic metric, namely voliS'^) / n\ co„, but that the next 
non-trivial term is different. 
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1 Extending magnitude to infinite metric spaces 

In this section w^e first recall the definition of the magnitude of finite metric 
spaces in terms of weights and generalize it to infinite metric spaces using 
weight measures. We show that Speyer 's theorem for homogeneous spaces 
immediately generalizes and that this definition is consistent with previous 
calculations for intervals, circles and Cantor sets. 

1.1 Generalizing magnitude using measures 

Leinster introduced the notion of the Euler characteristic of a finite category 
w^hich is not alw^ays defined, but which generalizes many pre-existing notions 
of Euler characteristic, such as the Euler characteristic of a group or a poset 
or the cardinality of a set. Then using Lawvere's observation that a metric 
space can be view^ed as an enriched category he defined the notion of the 
Euler characteristic or cardinality of a finite metric space — it w^as decided 
that these terms w^ere already too overburdened, so w^e renamed the concept 
the 'magnitude' of a metric space. This has the following definition. 

Definition. For X a finite metric space, a weighting on X is an assignment of 
a number iVx (zW.io each point x £ X such that the weight equation is satisfied 
for each point y E X: 

J2 e^'^^'^'y^Wy, = 1. 

If a w^eighting exists for X then the magnitude | X | is defined to be the sum of 
the w^eights: 

|x| --Y^ivx. 

X 

Note the following two things about the definition. Firstly, the weights can 
be negative. Secondly, if more than one weighting exists then the magnitude 
is independent of the choice of weighting (a proof appears below in the more 
general measure theoretic setting). 

If you require a little intuition then one w^ay of thinking about the w^eight 
equations is as follows. Each point can be thought of as an organism, with the 
weight being the amount of 'heat' being generated by that point (a negative 
weight denoting some sort of refrigeration). Each organism experiences the 
heat generated by the other organisms in a fashion w^hich decays exponentially 
with the distance. The organisms each wish to experience unit heat and this 
is what is expressed by the weight equation. 

We can try to extend the idea of magnitude to non-finite metric spaces. 
Two approaches present themselves. 



• Use finite approximation to the metric space. 



• Use a measure in the definition of a weighting. 

The first of these approaches was explored in JSl and IHI. In this approach 
a metric space X is approximated by taking a sequence {X^''}™^ of finite 

subsets of X, which converges to X in the Hausdorff topology, so X^'^ -^ X 
as f — )• 00. One can then take the corresponding sequence of magnitudes 
{1-^ |}/^l 3^*^ hope that they tend to a limit, and furthermore hope that the 
limit is independent of the choice of approximating sequence. This seems 
to work in many cases such as compact subsets of Euclidean space. This 
approach has the advantage that it can be implemented on a computer to 
obtain approximations to the magnitude of some spaces as in [TT1|. 

The second approach is the one that will be used in this paper. This w^as 
independently suggested to me by Tom Leinster and David Speyer (my own 
thoughts on the matter lay more in realm of currents and differential forms). 
The idea is to generalize the definition of magnitude using measures in the 
following way. 

Definition. If X is a metric space then a weight measure on X is a signed 
measure v on X such that for all y £ X 



/ e-'*(^'J/)dy(x) = 1. 



If a weight measure v exists then |X|, the magnitude of X, is defined to be the 
mass of X with respect to v. 



IXI := / dv. 
Jx 

Note that the magnitude, if it exists, is independent of the choice of weight 
measure. Suppose that v and v are w^eight measures then 

dvix) = [ ( [ e-''(^''^)di7(x')l dv(x) 
xex Jxex \Jx'£X J 

( [ e-''(^'^')dt/(x)^ dv(x') = [ dv(x'). 
x'ex \Jx£X ) Jx'ex 

It is w^orth giving a brief mention here to some connections between mea- 
sure theory and Riemannian geometry (for more details see, for example, [8j). 
If M" is an orientable Riemannian manifold then there is a volume form dvol, 
well-defined up to sign — the choice of sign corresponding to the choice of 
orientation. The volume form is defined by smoothly picking an ordered or- 
thonormal basis d/dxi, . . . , d/dxn for each tangent space, taking the dual basis 
dxi, . . . ,dx„ and defining dvol := dxj A ■ ■ ■ A dx„. Integrating with respect to 
this volume form does not quite give a measure because of the sign ambiguity 
— think how on the real line we have J fdx = — J, /dx. However, there 
is an associated measure |vol|, called the density, which obviates the sign 
problem. In the case of Euclidean space this density is the usual Lebesgue 
measure. As no confusion should occur, we will not distinguish between the 
volume form and the associated density. 

If M" is an orientable n-dimensional submanifold of Euclidean space ]R'^ 
then there are two obvious measures that one might consider. Firstly the Rie- 
mannian metric on ]R can be pulled back to M" to make it into an orientable 
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Riemannian manifold so we can use the associated density. Alternatively, one 
could use the n-dimensional Hausdorff measure on R restricted to M" . Pro- 
vided that the Hausdorff measure is normalized so that the n-dimensional 
cube [0,1]" has unit measure, these two measures on M" coincide. 

One of the key tools of this paper is the following generalization of Speyer 's 
theorem on the magnitude of finite homogeneous spaces given in |6|. Re- 
call that a homogeneous space is one for which there is a transitive group of 
isometrics, or, in other w^ords, one in w^hich all of the points look the same. 

Theorem 1 (Speyer 's Homogeneous Magnitude Theorem). Suppose that X is a 
homogeneous metric space and fi is an invariant metric on X then /^^x e~'*^^'^'df; fs 
independent ofy. If this quantity is non-zero and finite then a weight measure on X 
is given by 

F 

Thus the magnitude is given by 



X 



Proof. This follows immediately from the definition of magnitude. D 

It is w^orth pointing out here that every compact homogeneous space has 
a unique-up-to-scaling, invariant, positive measure, thus has a w^ell-defined 
magnitude. 

Aside from the calculations for the interval and Cantor set given below, 
this theorem is the only w^ay I currently know for calculating the magnitude 
of non-finite metric spaces. 

1.2 Agreement with previous calculations 

We can now look at the spaces whose cardinality was defined using finite 
approximations in |6|, and show that the same results are obtained using 
weight measures. These spaces are closed straight line segments, circles and 
Cantor sets. 

We consider first Lf the length £ closed line segment. The following was 
essentially told to me by Tom Leinster and David Speyer independently. 

Theorem 2. Let }i be the Lebesgue measure on Lg the length £ line segment and let 5a 
and 5}, be the Dirac delta measures supported at the two respective end points. Then 
a weight measure on L^ is given by ^{^a + 5}, + }i). Hence the magnitude is simply: 

\Lf,\ =l + £/2. 

Proof. It is just necessary to show that the given measure satisfies the w^eight 
equation for every point y E Li. We can consider L^ as the subset [a, b] c M. 
where b — a = £, then for every y E L^ 

f e-'*("'y)l(d^„+d4 + d;i) 

Jx£L£ 



= \ (e^-y + ey-^ + [e''-y]l - [e^-^^) = 1. 
Thus the magnitude is given by 

\U\ = / \{d5a+d5^ + A}i) = i(l+l+£) =l+£/2, 

as required. D 

Now turn to the ternary Cantor set. The following lemma, pointed out to 
me by Jonathan Jordan, will be rather useful in calculating the magnitude. It 
says that if we have a weight measure on a subset of the line which on some 
subinterval is a multiple of the Lebesgue measure then if the subrnterval is 
removed then a weight measure is obtained for the resulting space by putting 
simple Dirac delta measures at the end points of the removed subinterval. 

Lemma S.IfX is a subset of R with v a weight measure on X with [a, b] c X and 
^\\a,V\ ~ \v\\a,h]' ^^^" ^ weight measure on X\ {a,b) is given by 

i'lx\{«,b) + 2tanh(^)(<5„+4). 

So the magnitude satisfies 

\X\{a,b)\ = \X\-^-^+i^mh{^-^). 

Proof. We need the easy-to-verify identity ^^43^ = tanh(^^^y^) to obtain e^^" — 

ey^ = tanh(^) (eJ/-" + ey-^). Thus for y < a 

e-'i(x,y) [d^ ^ 1 tanh(^) (d^« + dS^)] 

= [ e~^^^'V)Av- f e-^^'^'y^dji 

JxeX Jx&[a,b] 

+ ltanh(^)/ e-''(^'!')(d^„+dJfc) 

= 1 + liey-'' - ey-"] + \ tanh(^) (eJ/-" + e^-^) 
= 1. 

The expression for the w^eight follows immediately. D 

This can now be repeatedly to obtain the magnitude of the Cantor set, 
and this agrees with the answ^er in [6]. Note that there the Cantor set w^as 
approximated below via finite subsets, and here it is approximated above by 
subsets of [0, l\ with non-zero measure. 

Theorem 4. The length £ ternary Cantor set Tf has magnitude given by 
|T,|=l + f;2-ltanh(^^ 



/, 



xeX\{a,b) 



Proof. Start by defining Tg q to be a length i line interval which is parametrize 
by the interval [0, 1] with the points in the unit interval being identified with 
their ternary exansion, so that a point a third of the w^ay along T^ g has ex- 
pansion 0.1. The interval T^g is given the standard w^eight measure as in 
Theorem 2l ^{fi + 5q+ 3i), which will be called t/£ g. Define Tf ,■ and its w^eight 
measure V£ ,■ inductively by first removing from T/i i_i the open middle third 
of each maximal subinterval; this means removing points having expansions 
e of the form 

0.flifl2 ■ ■ ■«/-il < £ < 0.flifl2 ■ ■ ■«;-i2 where fli, . . .,fl,_i G {0,2}. 

The length of each removed open interval will be (1/3) '£. By Lemma pi above 
we obtain a weight measure i/^ , by restricting the w^eight measure Vf,,-i on 
T(i~l, except on the newly pruned end points where we have to put a Dirac 
delta measure of mass \ tanh((l/3)'^/2). 

Taking the limit, we obtain w^e obtain a measure v on the ternary Cantor 
set Ti, this measure is the restriction of half the Lebesgue measure plus a Dirac 
delta on each point in the Cantor set which has a finite ternary expansion — 
the mass at a point with i terms in the ternary expansion is \ tanh((l/3)'£/2), 
and there are T such points, so the total mass of v, i.e., the magnitude is 
precisely 

T, = l + r2'^tanh^ 

as required. D 

Now finish this section by considering the circle. 

Theorem 5. The cardinality ofCf the circle of circumference i is given by 

J^" e~^i''y)dx' 
Proof. This follows immediately from the homogeneity theorem. D 

In conclusion, the confidence expressed in L6J when defining the magni- 
tude in terms of subsets is now justified. In [|6l it was unclear that the answers 
given for the Cantor set and circle w^ere independent of the choice of ap- 
proximating subsets; but they agree with the answ^ers given here which are 
independent of the choice of weight measure. 

2 Intrinsic volumes for Riemannian manifolds 

This section is a brief exposition on intrinsic volumes for Riemannian mani- 
folds; these invariants are also known as curvature measures, Lipshitz-Killing 
curvatures, generalized curvatures and quermassintegrale. I will mention 
Weyl's Tube Formula and the connection with total scalar curvature and vol- 
umes of geodesic speres. This treatment is mainly obtained from the books ||2| 
and ||8|. This section also serves to fix some notation and conventions. 



In [|6l, following ||3l, we considered the intrinsic volumes {}ii}^i as func- 
tions on polyconvex subsets of Euclidean space M^. In fact the intrinsic vol- 
umes are defined for a much larger class of subsets of R^ via the theory of 
curvature measures (see 151). The intrinsic volumes can be defined for subsets 
w^hich have an appropriate notion of unit normal bundle — a so-called normal 
cycle. This class of subsets includes smooth submanifold with boundary and 
more generally sets of positive reach. In general, the basic properties of the 
intrinsic volumes are the following. 

Additivity miXi u X2) = /^/(Xi) + iii{X2) - miXi n X2). 

Homogeneity }ii{tX) = t'}ii{X). 

Normalization ///([0, 1]') = 1. 

Then }i]^{X) is the usual N-dimensional volume of X and }io{^) is the Euler 
characteristic of X. 

For a closed smooth submanifold of R^ there are many formulas for the 
intrinsic volumes. The simplest formulas are for when the submanifold in 
question is a hypersurface H" c W^^. In this case, at each point in H there 
are n principal curvatures k^, . . . , k„, and the jth symmetrized curvatures s, is 
defined to be the jth-elementary symmetric function in the principal curva- 
tures: Ylli^ ~^ ^^l) = Yjt^i^^ ■ Thfi intrinsic volumes are given, up to factor, by 
integrating these symmetrized curvatures over the submanifold. More pre- 
cisely, recalling that (7, denotes the volume of the unit /-sphere, for < f < n, 

s„_, dvol a n — i is even. 



if « — f is odd. 

From this one obtains, for instance, pi„{H"^) = vol(H"). This allows us to 
calculate the intrinsic volumes of S^ C R"+^ the n-sphere of radius R sitting 
in ]R"+^ in the usual w^ay Here all of the principal curvatures are the reciprocal 
of the radius, R^^, so the symmetrized curvatures are given by s, = {")R~^ 
and so, for < i < n, 

R if « — z IS even. 



if n — f is odd. 

In the case of a submanifold of codimension greater than 1 there are not 
principal curvatures, but the intrinsic volumes can be expressed in terms of 
the marginally more complicated Lipschitz-Killing curvatures. However it 
is still true that for X" a closed submanifold ^,(X") = whenever n — f is 
odd. From these curvature expressions, as Weyl notes, a good undergraduate 
could derive the following Tube Formula. As an easy exercise, you may wish 
to verify this for the n-sphere using the formulas given above for the intrinsic 
volumes. 

Theorem 6 (Weyl's Tube Formula). Suppose that X" c R^ is a closed, smooth 
submanifold of Euclidean space, that B^X C R'^ is the set of points of distance at 



10 



most 6 from X, and that cvi is the volume of the unit i-ball, then 

N 

volN(BfX) = ^^N„,(X)a;,e'. 
i=0 

Weyl's key observation, however, was that the intrinsic volumes of X can 
be expressed purely in terms of its intrinsic geometry — w^e have already 
observed that fi„{X") = vol„(X) and }Iq{X") = x{X")- So the intrinsic vol- 
umes only depend on the Riemannian metric of X and not on the w^ay it is 
embedded, nor on the codimension in w^hich it is embedded. For instance, 
the intrinsic volumes can be written as pol3n-iomial Riemann curvature tensor. 
However, in this paper there is just one of these intrinsic volumes that w^e 
are interested in. After the n-volume, the next non-trivial intrinsic volume is 
proportional to the total scalar curvature: 

f/„_2(X") = -^ / T(x)dvol. 

Here t(x) is the scalar curvature which can be thought of as measuring the 
"lack of stuff" near x. For instance, if you draw a circle on the surface of the 
Earth then it has a circumference than a Euclidean circle with the same radius 
— this deficiency in the circumference is measured by the scalar curvature (in 
the case of a surface the scalar curvature is twice the Gaussian curvature). 
To make this precise, for x e X and r > 0, let Fr{x) c X be the set of 
points at a distance of r from x; for r sufficiently small this will be an (n — 1)- 
sphere, known as a geodesic sphere. The scalar curvature t(x) at x is uniquely 
determined by the second order term in the power series expansion of the 
volume of geodesic spheres centered at x, in the following sense: 

vol„_i(F,(x)) = c7-„_ir"-i fl - ^r^ + 0{r*)\ as r ^ 0. 

It is in this way that the scalar curvature can be view^ed as a measure of the 
"lack of stuff" near x. The above formula will be used later in the calculation 
of sub-leading term in the asymptotics of the magnitude of homogeneous 
metric spaces. As an example, note that in an n-sphere of radius R v/e have, 
for all X, vol„_i(Fr(x)) = cr„_i {Rsin{r/R))"^ . So the scalar curvature is 
given by T = w(n — 1)_R^^ which you can check is consistent with the value 
calculated for }in-2{S'^) above. 

3 Calculation of the magnitude of an n-sphere 

This section consists of one of the main results of this paper which is an 
explicit formula for the magnitude of the n-sphere. The asymptotic behaviour 
is also considered and the Euler characteristic is seen to be the constant term 
in the asymptotic expansion. 

We take SJ^ the w-sphere with the standard metric of curvature 1/R^ (which 
means that it isometrically embeds in ]R"+^ with radius R) thought of as a ho- 
mogeneous space. From Speyer's Homogeneous Magnitude Theorem (Theo- 
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Figure 1: The Euclidean radius of the points Fg at a distance s from xq is 
Ksin(f). 



|c;" I 



for any Xq E S'^. 



remlTJ the magnitude is given by 

IxeS" e^'^^'^o-'^^dvol 
This can be calculated explicitly 

Theorem 7. For n > 1, the magnitude of the homogeneous n-sphere of radius R is 
given by 



'2((,4T)^ + l)((H^)Vl)...((f)Vl) 



N" I 



1 + e 



-nR 



7lR 



' R \2 



i{n 



\f 



;ff+i 



1 



-nR 



for n even 



for n odd, 



where for n = 1 the numerator is interpreted as being ttR. 

Proof. The idea is to find some explicit integrals to calculate magnitude, eval- 
uate them to obtain \SJ^\ and |S^|, show that the induction formula holds. 



{,hf + ^)\SRl 



;"+2| 



and then apply induction. 

We first fix some point xq and define the coordinate s on the n-sphere to be 
the distance from the point xq, so s(x) := d{x,Xo). The points at a distance s 
from Xq form an (n — l)-sphere Fg of Euclidean radius Ksui(^), see Figure 111 
thus, writing (7„_i for the volume of the unit {n — 1) -sphere, the volume of fg 

is given by o;,-i (^sui(^)) . Locally, as s parametrizes distance, the volume 
form on S^ is the product of ds and the volume form on Fg. So 



|c;" I 



LgS'I dvol 



/s=o h '*^°^f» ^^ 



L^si e-'^(-<"-)dvol /^2 k '-' dvolF. ds 
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/s=^'^~''^n-l(^sin(|))"" ds 

JJlQe-'-Rsin"-\r)dr' 

where we made the substitution s = rR. This can be evaluated for the 1-sphere 
and 2-sphere: 

Jodr n TzR 






Jo"e-r^dr -i[e-«]J !-.--«' 
/o"sin(r)dr _ 2 _2{R^ + 1) 



Jq e-'-K sin(r) dr Im J^ e-^^e" dr 1 + e" 



-TzR 



These will form the base cases for the induction. For the inductive step, write 

X„ := /"sin"-Vr)dr and I„ := /''e-''^sin"-i(r)dr 
Jo io 

so that ISS I = ^. We will show that 

{n + l)K„+2=nK„ and {n + l)({^f + l)l„+2 = nl„ 



from which it is immediate that |S^^ | = I (^jf^) + 1 ) I^J^I, and the required 

result follows by induction. 

To prove the relation for K„ w^e observe 

K„+2= [\m"+\r)dr= f" (l - cos^ (r)) sm"-\r) dr 

sin"^ (r)dr— / cos(r) ( cos(r)sin"^ (r) 1 dr 

sin""^(r)dr- cos(r)i sin"(r) +/ (-sin(r)) (isin"(r)) dr 



Jo 



Kn —0 — -^Kn+2, 



from w^hich w^e deduce (n + l)K„+2 = nK„, as w^e w^anted. 

To prove the relation for In we perform integration by parts twice: 



In+2= I e"''^sin"+\r)dr 



4e-''^sin"+i(r 

(n+l 



Jo 



-^e^''^{n + 1) cos(r) sin"(r) dr 



R 



^e-''^cos{r)sm"{r) 



' R 



« Jo ^ 



-sin(r)sin"(r) + ncos(r) cos(r) sin" (r) 1 dr 
+ + i^ r e-'^ (- sin"+i (r) + n (l - sin2(r)) sin""^ (r)) dr 



— r2— -'tt+2 



(n+l)n 
R2 



/«. 
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From this we deduce that (n + 1)((^^) + l)^n+2 = w^n "which suffices to 
complete the inductive step and hence we complete the proof. D 

The first thing to note from this is that the formula for jSJ^I in the above 
theorem also w^orks for S^ provided that this notation is interpreted correctly. 
If S^ is taken to mean the two points on the equator of S]^ the radius R circle, 
then S^ is the metric space consisting of two points a distance tiR apart, and 
then it is immediate that the magnitude is given by 

|cO|_ 2 



The next thing to note is the \S'^\ -^ 1 as K ^ 0, so effectively, the n-sphere 
looks more and more like a point as it gets smaller and smaller. 

A third thing to note is that the two formulae can be combined into a 
single formula w^hich clearly demonstrates the roots of the numerator lying at 
alternate integral points on the imaginary axis: 

{R-{n- 1)0 {R-{n- 3)i) ...{R-{-n+ 3)i) {R - {-n + l)f) 

I^RI-'^" l+e-7r(R+m) 

w^here i = \/ —\ and oc„ is a constant w^hich ensures that | S^ | — )• 1 as R ^^ 0. 
The roots of the numerator are also roots of the denominator, but I have no 
idea of the relevance of this. 

A fourth things worthy of note is that the denominators very quickly con- 
verge to 1 . This means that the behaviour for R aw^ay from zero, say for R > 4, 
is dominated by the numerator. We can define F{S^, for n ^ 0, to be the nu- 
merator: 

w^here the empty product is interpreted as 1 for n — and n = 1. This 
pol3n-iomial in R gives us the asymptotic behaviour of \S'J^\ in the sense that 
I^rI ~ ^(^r) ^ as K ^- 00. Previously for the closure of an open subset 
of Euclidean space the asymptotics of the magnitude w^ere conjectured to be 
controlled by certain intrinsic volumes. In the case of the spheres the leading 
term and constant term can be seen to behave in the same way. 

Theorem 8. The leading term ofP{S'j^) is proportional to the volume of the n-sphere 
S'^ and the constant term is equal to its Euler characteristic: writing co„ for the 
volume of the unit n-ball, 

n\ ojfi 

Proof. To deal with the Euler characteristic first, note that the Euler character- 
istic of a sphere just depends on the parity of the dimension: ;t(S^') = 2 and 
^j^g2i+i-j _ Q jj^g constant term in the polynomial P{S'^) is immediately seen 
to have exactly this property. 



14 



That the leading term has the required form can be proved inductively 
using the inductive formula 

together with the following relations (see, for example, [3]) for co„ the volume 
of the unit n-ball and cr„ the volume of the unit n-sphere: 

CVn = '^CVn-2 and an = ^i7„-2- 

Assuming that the result is true for P{S'^ ) and writing Top for the top coef- 
ficient of a pol5momial, we have 

Top(p(S^)) =Top((^)^P(Sr^)) =Top((^)^) Top (P(sr^; 

1 voi(sr2) ^^_2 



{n - 1)2 (n - 2)! a;„_2 {n - 1)2 {n - 2)! a;„„2 

[n — \){n — \)\ j^con nlcon n\cOn 

The result follows by induction after checking the base cases, n = \ and n = 2, 
using a\ = In, wx = 2, (J2 = 4/1 and oo-i — n. D 

We will see in the next section that the leading term in the asymptotic ex- 
pansion of the magnitude of any homogeneous is of this form. In [6] and fill 
we gave a precise conjecture for the asymptotic behaviour of the magnitude of 
'nice' subsets of Euclidean space and this involved the being asymptotically 
the same as the 'penguin valuation' defined for X a subset of Euclidean space 
as 

F/(X) 



^(X):=E 



v. CO; 



We are here considering the sphere with its intrinsic metric so it is not a metric 
subspace of Euclidean space, but the leading term and constant term w^e ob- 
tain are the same as for in the penguin valuation. How^ever, the subdominant 
term is different. We would expect fi„_2(S^)/((n —2)\co„^2) but we get the 
following: it can be proved inductively as the formula for the leading term 
w^as in the above theorem, it is also a consequence of the theorem in the next 
section on general homogeneous Riemannian manifolds. 

Theorem 9. The first non-trivial, subdominant term of P{S'^) is given by 

(n + 1) ?/„-2(S^) 
3(n-l) («-2)!oj„_2" 

These results are compared with analogous ones for the magnitude of the 
n-sphere with the subspace metric in Section 5. 
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4 Asymptotics for homogeneous Riemannian mani- 
folds 

In this section we will look at the three leading terms in the asymptotics of 
the magnitude of a homogeneous Riemannian manifold, as the manifold is 
scaled up. The leading term will be seen to be proportional to the volume of 
the manifold, the second-leading term will be seen to be zero and the third- 
leading term will be seen to be proportional to its total scalar curvature, or 
in other words the top tw^o leading terms are proportional to the top tw^o 
intrinsic volumes. In particular, for a homogeneous surface S, the magnitude 
is asymptotically j^ area(S) + ;\;(S), and this is precisely the evaluation of the 
functional from |6|. 

By Speyer's Homogeneous Magnitude Theorem (TheoremlTll we know that 
the magnitude of a homogeneous Riemannian manifold X is given by 

, , fv dvol 

~ /xe"''(-''''^'')dvor 

If w^e look at this as we scale up the space w^e should consider 

lj-5^1 ^ /«d^°l ^ ^^/^dvol ^ /xdvol 

j^^g-d(f.T,fxo)dvol f2 J^ g-f<f(.r,xo)dvol /xe-f'*(^'^o)dvor 

We wish to consider the asymptotics of the denominator Jy e~™(^'^o)dvol. The 
relevant piece of asymptotic analysis we will require is a version of Watson's 
Lemma (see for example |7|). 

Theorem 10 (Watson's Lemma). Ifg: [0,c] -^ [0,oo) is a bounded function which, 
for some N > 0, has an expansion 

N 

^(r) = ^a,r'+0(r^+^) as r ^ 
1=0 



then 



~ ila 



.■_n f 



! = 



n 



The idea behind Watson's Lemma is that as a function of r £ [0, c], w^hen 
t gets larger and larger e^*^ looks more and more like a function supported 
on a smaller and smaller neighbourhood of r = 0, so the integral will, up to 
exponentially small corrections, only depend on the germ of g near r = 0. 

This can now be used to identify the leading asymptotics of the magnitude 
for homogeneous manifolds. 

Theorem 11. If X is an n-dimensional homogeneous Riemannian manifold and tsc 
denotes total scalar curvature then as X is scaled up the asymptotics of the magnitude 
are as follows: 

\tX\ = — "— fvol(tX) + "i^ tsc(iX) + 0(i"-4~ 
n\co„\ 6 

n\co„ 3(h — lj!a;„_2 
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Proof. The idea is to pick a point xq & X and define the coordinate r{x) = 
d{x,XQ). Let Fr be the set of points at a distance r from xq, then if t denotes 
the scalar curvature of X, which will be the same at every point, then we know 

vol„_i(F,) = c7-„,ir"-i(l - ^r^ + 0{r^)) as r ^ 0. 

Because r parametrizes distance, locally the volume form splits as dvolf^ dr. 
We can write D for the diameter of X. Then w^e find, using Watson's Lemma 
appropriately, 

/" e^^'*(^'^o)dvol = / / e-'''dvolf dr = [ e-*' voliF,.) dr 

Jx Jr=0 JFr Jr=0 

/(m-1)! (n + l)\T ^, „ 4,\ 

w^here in the last equality w^e have used the fact that cr„_x = ncL)„. Thus we get 
/^dvol _ P/xdvol 



\tx\ 



Ix e-'^^f^'^o^dvol „, ^„ (i _ ijl+r)i + o(t-4)) 

^t" I dvol + !i±lt«-2 / Tdvol + 0(t"-4) ) as t ^ CO 



Jn 



X 6 Jx 



= -^(vol(fX) + "±^ tsc(fX)+0(t''-4)y 

This gives the first description of the asymptotics, to get the second it is just 
necessary to recall that jin-ii^) = 5^tsc(X) that }i„^2{t^) = t"~'^Pn-2{^) 
and that a;„ = ^a;„_2- □ 

This theorem immediately gives the asymptotics of the magnitude of a 
homogeneous surface, by taking n = 2 in the above and noting that /iq is 
precisely the Euler characteristic x- 

Corollary. For Z a homogeneous Riemannian surface, the magnitude is asymptoti- 
cally given in terms of the area and the Euler characteristic by 

, „, area(tZ) , „, ^, ,, 

iZ = ^ — ^ + rtS: +0(^2) ast^oo. 

It is interesting to note that in the examples w^e know of, namely for 
spheres and surfaces, the constant term in the asymptotic expansion of the 
magnitude is precisely the Euler characteristic. 

5 The subspace metric on the sphere 

In this section w^e look at the metric on the w-sphere obtained by thinking 
of it as sub-metric space of ]R"+^ via the standard embedding. An explicit 
formula is given for the magnitude of the 2-sphere with this metric, w^hereas 
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for n > 2 just the leading few terms of the asymptotic expansion are given. 
This is sufficient to see that the leading term is the same as for the magnitude 
of the sphere with the intrinsic metric but that the lower order terms are not 
the same. 

In |6 1 w^e showed that equipping the radius R circle with the intrinsic metric 
and the subspace metric gave rise to different magnitudes, but that asymptot- 
ically the magnitudes differed by a vanishingly small piece: 

\SR\,\sluh,R\=^R + 0{R'^) asK^oo. 

With the techniques so far developed in this paper it is not difficult to calculate 
the magnitude of the 2 sphere with these two metrics and see that only the 
leading term in the asymptotic expansion are the same. 

Theorem 12. For the 2-sphere of radius R with the subspace metric the magnitude 
is given by 

1.2 |_ 2R2 

Psub,Rl l_e-2R(l+2i^) 

= 2R2 + o(K~^) asR^oo. 
For the 2-sphere of radius R with the intrinsic metric the magnitude is given by 



PrI — 



2R^ + 2 
1 - e-^-R 
2R^+2 + 0{R-'^) asR^oo. 



Thus the sub-leading terms of the asymptotic behaviour are different for the two dif- 
ferent metrics. 

Proof. The intrinsic metric result is in Theorem [ZJ so it is just necessary to do 
the calculation for the subspace metric. This is analogous to the calculation 
for the intrinsic metric. By the Homogeneous Magnitude Theorem 



|S2 



/xesi dvol 4^^2 



^ /^gs2 e-'*-''(^0'^)dvol /g'Lge-K2sm(0/2)27TRsin(0)Rd0 



/eloe-^^'^(^/^)sin(0)d0' 



Using the substitution s := 2srn(0/2) gives the following evaluation of the 
integral: 

" e-«2-(e/2)sin(0)d0= /' e-^^sds= ^~''^''^y^^\ 
=0 is=o R 

The result follows immediately D 

Whilst I don't know how to get a general closed form for the magnitude 
of the sphere with the subspace metric, using the techniques of the previous 
section it is straight forw^ard to calculate the first few terms in the asymptotic 
expansion of the magnitude and compare them with those for the intrinsic 
metric. 
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Theorem 13. For the n-sphere of radius R with the subspace metric the magnitude 
is given asymptotically by 

For the n-sphere of radius R with the intrinsic metric the magnitude is given asymp- 
totically by 

' "' n\co„ \ 6 'J 

Proof. The intrinsic metric result follows from Theorem 111] together with the 
fact from Section l2] that the scalar curvature of the n-sphere with radius R is 
n{n-l)R-^. 

For the subspace metric result, proceed as usual by using Speyer's Ho- 
mogeneous Magnitude Theorem and writing cr„ for the volume of the unit 
n-sphere. 



rsub,R| 



/.eS«dvol _ voi(s^) 



/:.6Sj'^'''^"''^''"''''dvol /g^ge-R2sm(e/2)^^_^(j^sin(0))""^Rd0 

Again making the substitution s := 2sin(0/2) whilst noting that sin(0) d6 - 
s ds and sin(0) = sVl — 8^/4 the integral can be manipulated as follows: 

9=0 Js=0 

SO by the generalized Binomial Theorem, 
w^hence by Watson's Lemma, as K ^- oo. 



m /n-2\ (n-\+2i\\ 

E;-i)'(T) ^4,^„t2r- +o(^-"' 



-2m+l> 

^-. —I— I y I i\ 

I J 4'R" 

R" \ 2 (n-l)!4 ^^ ' 

Substituting this back into the above formula gives the required result on 
recalling that cr„ = nco„. D 

One can think of this result as saying that just as the intrinsic and subspace 
metrics are infinitesimally the same in a certain sense — though I don't know 
the correct way to formalize that — so the corresponding magnitudes are 
asymptotically the same in a certain sense, namely | SJ^ | / 1 S"^^ ^^ | ^ 1 as K ^> 
00, although they are not the same in a stronger sense because, in general, 
|S^|-|Ss"ub,R|/>OasK^oo. 
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